Abstract.| Let X be a CAT(?1)? space which is spherically symmetric around some point x 0 2 X and whose boundary has nite positive s?dimensional Hausdor measure. Let = ( x ) x2X be a conformal density of dimension d > s=2 on @X. We prove that x 0 is a weak limit of measures supported on spheres centered at x 0 . These measures are expressed in terms of the total mass function of and of the d?dimensional spherical function on X. In particular, this result proves that is entirely determined by its dimension and its total mass function. The results of this paper apply in particular for symmetric spaces of rank one and semi-homogeneous trees.
Let X be a CAT(?1){space and let @X be its boundary. A conformal density of dimension d on @X is a family = ( x ) x2X of nite positive Borel measures on @X, such that for every x and y in X, y is absolutely continuous with respect to x , with Radon-Nikodym derivative given by d y d x ( ) = j d (x; y; ) for all 2 @X: Here, j(x; y; ) stands for the in nitesimal distorsion at the point of the visual metric on @X seen from y with respect to the visual metrics seen from x (see Section 1 for the precise de nitions).
The total mass function of is the function : X ! R I + de ned by (x) = x (@X).
For every x in X, we denote by H s x the s?dimensional Hausdor measure on @X with respect to the visual metric seen from X. * The second author is also supported by the Max-Plank-Institut f ur Mathematik (Bonn).
In this paper, we shall always assume that there exists a point x 0 2 X and a real number s 0 such that the following two properties are satis ed:
(0:1) X is spherically symmetric around x 0 2 X. This means that the group K x 0 of isometries of X which stabilizes x 0 acts transitively on each sphere centered at this point.
(0:2) For some (or, equivalently for every) x 2 X, we have 0 < H s x (@X) < 1:
We note right away that condition (0:2) implies that s is the Hausdor dimension of @X with respect to any of the visual metrics.
If ? is a discrete subgroup of X, conformal densities play a central role in the study of the ergodic properties of the action of ? on @X. The results of this paper concern conformal densities on the boundary of a space X satisfying conditions (0:1) and (0:2). for every x and y in X. For every R 0, let S(x 0 ; R) denote the sphere in X of radius R centered at x 0 . We de ne ! x 0 ;R to be the natural measure on S(x 0 ; R) which is induced by the Haar measure on K x 0 , the Haar measure being normalized to have total mass one.
Let be a conformal density of dimension d on @X. For every R 0, we de ne the measure x 0 ;R on S(x 0 ; R) by the formula In this paper, we prove (Theorem 4.3) the following Theorem A.| Let X be a CAT(?1)?space satisfying properties (0:1) and (0:2). Then, there exists a sequence (R n ) of real numbers, with R n ! 1 as n ! 1, such that for every conformal density = ( x ) x2X of dimension d on @X with d > s=2, the measure x 0 is the limit, in the sense of weak convergence, of the sequence of measures x 0 ;R n .
Let us remark that the conformal measure on @X is determined by its value at an arbitrary point x in X and the dimension d, so that the conformal density is completely determined by x 0 and d.
We state now a few results which follow from Theorem A. >From previous work on the subject, it turns out that it is an interesting question to know under which conditions a conformal density of a given dimension is determined by its total mass function, and there are several results in this direction. For example, by a result of D. Sullivan (see Sul 3] ), in the case where X = H I n (the hyperbolic n{space) a conformal density of dimension (n ? 1)=2 is uniquely determined by its total mass function. The same result holds in the case where X is a homogeneous tree of degree k, provided that the dimension of the conformal density is 1=2 log(k ? 1) (see CP 1]). In this paper, we obtain, as a consequence of Theorem A, the following Corollary B.| Let X be a CAT(?1)?space satisfying (0:1) and (0:2) and let = ( x ) x2X and 0 = ( 0 x ) x2X be two conformal densities on @X having the same dimension d, with d > s=2. If the total mass functions of and 0 are equal, then = 0 .
Suppose now that X is a CAT(?1)?space which is spherically symmetric around each of its points, that is, satisfying (0:1) for every point x 0 in X. Suppose also that X satis es condition (0:2). With these hypotheses, we have proved in CP 2] the existence of a transformation which for every conformal density of dimension d < s=2 on @X associates a conformal density + of dimension s ? d having the same total mass function as . As a consequence of Corollary B, we have the following Corollary C.| The conformal density + is uniquely determined by the total mass function of .
We shall prove also the following (Theorem 4.4) Theorem D.| Suppose that X satis es (0:1) and the following property:
There exist four constants r 0 > 0, C 1 > 0, C 2 > 0 and s 0 such that for every 2 @X and for every 0 r r 0 , we have Let p and q be two integers which are 2. Recall that the semi-homogeneous tree of type (p; q) is the simplicial tree T p;q where each vertex is of order p or q (that is, belongs respectively to p or q edges), and such that each vertex of order p (resp. q) is adjacent only to vertices of order q (resp. p). The tree T p;q satis es (0:2) with s = Section 2 introduces conformal densities on boundaries of CAT(?1){spaces. In Section 3, we introduce spherical functions on X and we study their basic properties. In particular, we prove that they satisfy a multiplicative property (Corollary 3.6) which is analogous to a property satis ed by the classical spherical functions associated to symmetric spaces of rank one. In Section 4, we prove all the results stated above.
In section 5, we study spherically symmetric trees, which give an interesting class of examples of spaces satisfying the hypotheses of Theorem D. CAT(?1){spaces are examples of Gromov{hyperbolic spaces, of which we recall now the de nition. Let X be a metric space with basepoint x 0 . The Gromov product with respect to x 0 of two points x and y in X is de ned as for all x; y; z 2 X and for every choice of a basepoint x 0 .
Without going into the details, let us recall that a Gromov{hyperbolic space has a canonical boundary, @X, called its Gromov boundary (see Gro] Section 1.8 or CDP] Chapter 2). In the case where X is geodesic and proper, @X is realized as the set of geodesic rays up to the equivalence relation which identi es two geodesic rays r 1 : 0; 1 ! X and r 2 : 0; 1 ! X if and only if sup t 0 jr 1 (t) ? r 2 (t)j < 1 . We denote by r(1) the point in @X de ned by the geodesic ray r, and we call it the endpoint of r. Let X be a CAT(?1){space. If x is in X and y in X (resp. in @X), then, up to reparametrization, there is a unique geodesic segment (resp. ray) joining x and y. This segment (resp. ray) is denoted by x; y] (resp. x; y ). The Gromov product can be extended to X @X X @X by the following formula:
where and are points in X @X, with x converging to and y to respectively on x 0 ; and x 0 ; . (To see that the limit exists, we note that if the point x 0 (resp. y 0 ) is situated beyond the point x (resp. y) on x 0 ; (resp. x 0 ; ) (as in Figure 1 ), then using the triangle inequality, we nd that (x 0 :y 0 ) x 0 (x:y) x 0 .) The product ( : ) x 0 is equal to +1 if and only if = 2 @X. The hyperbolicity relation (1.1) is valid for every x and y in X @X. The value of B(x; y; ) does not depend on the choice of the geodesic ray r ending at . (This is easily seen using the fact that if r and r 0 are two geodesic rays ending at , the distance between the point r(t) and the image of the ray r 0 tends to 0 as t tends to 1, as
There is a nice family of metrics (j j x ) x2X on @X, which we shall call the visual metrics, and which have been de ned, in the setting of CAT(?1)?spaces, by Bourdon Bou] using the formula (1:4) j ? j x = e ?( : ) x for every x in X and for every and in @X. for every x and y in X, and and in @X.
We de ne now, for every x and y in X and in @X, (1:6) j(x; y; ) = e B(x;y; ) :
As we shall see in Corollary 1.2, the function j(x; y; ) measures the in nitesimal distorsion of the metric j j y with respect to the metric j j x . From the de nitions and formula (1.5),
we immediately deduce: Proof.| The proof follows from Proposition 1.1, using the continuity of the function B(x; y; ) with respect to .
The following formula is also useful: Proposition 1.3.| For every x and y in X and for every in @X, we have j(x; y; ) = e 2(y: ) x ?jx?yj :
Proof.| We use the de nition j(x; y; ) = e h r (x)?h r (y) with r : 0; 1 ! X being the geodesic ray satisfying r(0) = x and r(1) = . Therefore, h r (x) = 0. To compute h r (y), let us take a sequence of points x n on x; converging to . We note that a conformal density is completely determined by its dimension and its value at a given point of X, and that this value can be an arbitrary nite positive Borel measure on @X.
In the next proposition, we give an important example of a conformal density. We shall make the hypothesis that the s?dimensional Hausdor measure H s x on @X (equipped with the metric j j x ) satis es 0 < H s x (@X) < 1; and for this we note right away that since for all x and y in X, the metrics j j x and j j y on @X are Lipschitz{equivalent, then this condition does not depend on the choice of the basepoint x.
Proposition 2.1.| Suppose that 0 < H s x (@X) < 1: Then H s = (H s x ) x2X is a conformal density of dimension s on @X.
Proof.| The proof follows easily from the de nition of the Hausdor measure, using Proposition 1.2 and the continuity of the in nitesimal distorsion j(x; y; ) as a function of . Given a conformal density = ( x ) x2X of dimension d, we recall that its total mass function : X ! R I + is de ned, for every x 2 X, by the formula
>From the de nition of a conformal density, we may also write, for every y 2 X, Let x 0 be a xed point of X and K x 0 the group of isometries of X that x x 0 . This group is equipped with the topology of uniform convergence on compact subsets. It is easy to see that K x 0 is compact. Note also that K x 0 acts on @X as a group of isometries with respect to the metric j j x 0 . We shall say that the space X is spherically symmetric around x 0 if the group K x 0 acts transitively on every sphere centered at x 0 .
We begin with the following:
Proposition 3.1.| Suppose that X is spherically symmetric around x 0 . Then, the group K x 0 acts transitively on @X. Converesely, suppose that K x 0 acts transitively on @X and that every point in X belongs to some geodesic ray originating at x 0 . Then X is spherically symmetric around x 0 . Proof.| Suppose that X is spherically symmetric around x 0 and let and be two arbitrary points in @X. Consider the two geodesic rays x 0 ; and x 0 ; , and for every n = 0; 1; 2; :::, let x n (resp. y n ) be the point of intersection of x 0 ; (resp. x 0 ; ) with the sphere S(x 0 ; n). For each n, there exists an isometry g n 2 K x 0 which sends x n to y n .
Since K x 0 is compact, there is a subsequence of g n converging to an isometry g in K x 0 , and it is clear that g sends to .
Conversely, suppose that K x 0 acts transitively on @X. Given R > 0, let x and y be two points on the sphere S(x 0 ; R). Consider two geodesic rays x 0 ; and x 0 ; , containing respectively x and y, and let g be an isometry in K x 0 sending to . Then g(x) = y. This completes the proof of the proposition.
We study now a few elementary properties of d (x; :) that will be useful for us in the sequel. for every g and h in G.
In the case where X is a symmetric space of rank one, taking V = X, we obtain therefore a formula in Hel], Chapter IV, Proposition 2.2, which characterizes spherical functions.
The following properties of our symmetric functions will also be useful:
Lemma 3. x4.|Proof of the results.
In this section, we prove the results stated in the introduction. In all the section, we suppose that X is a CAT(?1)?space which is spherically symmetric around some point Note that by the symmetry hypothesis, (4.1) is valid for every point 0 in @X. let 0 be now a xed point in @X. Then there exists a sequence of real numbers r n > 0 (n = 0; 1; 2; :::), with r n ! 0, such that for every n, we have:
H s where C 00 is a positive constant (slightly smaller than C 0 ). We suppose now, without loss of generality, that r n < 1 for every n, and we consider the sequence of points y n on the geodesic ray x 0 ; 0 satisfying, for every n = 0; 1; 2; :::, jx 0 ? y n j = ? log(r n ):
By Proposition 1.3, we can write, for every 2 B( 0 ; r n ), (4:2) j(x 0 ; y n ; ) = e 2(y n : )?jx 0 ?y n j :
Let us nd an upper bound for (y n : ). As the space X is Gromov-hyperbolic, there As s ? 2d < 0, we have, since jx 0 ? y n j ! 1 as n ! 1, e (s?2d)jx 0 ?y n j ! 0 as n ! 1. Now, by Proposition 4.2, the sequence (g n ) converges uniformly to f on @X, as n ! 1.
Therefore, x 0 ;R n (f) converges to x 0 (f). Thus, the sequence x 0 ;R n converges weakly to x 0 . This proves Theorem 4.3. As was said in x0, the hypotheses of Corollary 4.6 are satis ed by Riemannian symmetric spaces of rank one and semi-homogeneous trees.
x5.|Spherically symmetric trees
We conclude the paper with a description of a class of examples satisfying the hypotheses of Theorem 4.4:
Consider a simplicial locally nite tree X which is spherically symmetric around some vertex x 0 . The degree of a vertex v of X therefore depends only on the distance jx 0 ? vj. ? B(v) is equal to H s x 0 (@X)=k n , where k n = p 0 :::p n is the number of points at distance n + 1 from x 0 . Condition (4.6) now clearly implies (5.1).
Conversely, suppose that condition (5.1) is satis ed. There is a canonical measure on @X which is characterized by the fact that for a vertex v at distance n + 1 from x 0 , Let us x a real number 2]0; 1], and consider a covering of (@X; j j x 0 ) by a set of closed balls (B i ) of radius r i . By the ultrametric property of the space (@X; j j x 0 ), we can suppose (up to taking a subcover) that all the B i 's are disjoint. We can write now: An interesting special case of simplicial trees satisfying condition (5.1) is the case where the sequence p 0 ; :::; p n is preperiodic. By this we mean that there exist two integers r 1 and l 1 such that for every k r, we have p k+l = p k . Then condition (5.1) is satis ed with s = 1 l P l i=1 log(p r+i ). In particular, a semi-homogeneous tree of degree (p; q) (using the notations of x0), satis es (5.1) with s = 1 2 ? log(p ?1)+log(q ?1) . Semi-homogeneous trees admit many discrete cocompact group actions, but the construction above provides us also with examples of simplicial trees which satisfy condition (5.1) and which do not admit any cocompact group action. For example, consider spherically symmetric trees such that the sequence p 0 ; p 1 ; p 2 ::: is preperiodic, with x 0 being the unique vertex of X having order p 0 . In this case, the isometry group of X is reduced to K x 0 . In fact, it is possible to classify spherically symmetric trees which admit discrete cocompact group actions. Indeed, one can easily see that for such a tree, the sequence p 1 ; p 2 ; ::: is periodic of period N with p N = p 0 ? 1 and p N?k = p k for all k = 1; :::; N ? 1.
